Some general theorems on differential subordinations of some functionals connected with arithmetic and geometric means related to a sector are proved. These results unify a number of well known results concerning inclusion relation between the classes of analytic functions built with using arithmetic and geometric means.
Introduction
For r > 0 let r {z ∈ : |z| < r}. Let 1 . Let the functions f and F be analytic in the unit disc . A function f is called subordinate to F, written f ≺ F, if F is univalent in , f 0 F 0 and f ⊂ F . Let D be a domain in 2 and ψ : 2 ⊃ D → be an analytic function, and let p be a function analytic in with p z , zp z ∈ D, z ∈ and h be a function analytic and univalent in . The function p is said to satisfy the first-order differential subordination if ψ p z , zp z ≺ h z , ψ p 0 , 0 h 0 , z ∈ .
1.1
The general theory of the differential subordinations has been studied intensively by many authors. A survey of this theory can by found in the monograph by Miller and Mocanu 1 . Now we prove two theorems were we improve the result of Theorem 2.5. The problem 1.3 will be divided into two cases: k 1 and k > 1.
First we consider the case k 1. The theorem below was proved in 4 . To be selfcontained we include its proof. Theorem 2.6. Fix n ∈ AE, α ≥ 0 and γ ∈ 0, 1 . Let β ∈ 0, β 1 n, α, γ , where β β 1 n, α, γ is the solution of the equation
2.16
If p ∈ H 1 n, α, γ and
Proof. 1 Assume that α > 0 and γ ∈ 0, 1 since the cases γ 0 or α 0 are evident. Suppose, on the contrary, that p is not subordinate to h β . Then, by the minimum principle for harmonic mappings there exists r 0 ∈ 0, 1 such that Let
Therefore ξ 0 / ± 1 and
for x > 0, that is,
Since ξ 0 / ± 1, so h β ξ 0 exists. Hence and by Lemma 1.1 there exists an m ≥ n for which
3 Consequently,
2.28
In view of the fact that x > 0 let us take
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Hence and from 2.28 we have
2.30
By the above and by the fact that m ≥ n we have
2.31
On the other hand, 2.30 yields
Finally, the above and 2.31 lead to
Thus we arrive at a contradiction with 2.17 so p ≺ h β . 4 When 2.21 holds, we see that x < 0 in 2.25 . Next we finish the proof by similar argumentations like in the above.
5 Assume now that 2.22 holds. In view of Remark 2.4 this is possible only when k γ 1. a For β < 1 the boundary ∂h β has the corner at 0 of the angle βπ < π. Since p ∂ r 0 is an analytic curve, in view of 2.19 the case p z 0 0 does not hold for β < 1.
b Let now β ≥ 1.
Assume that p z 0 / 0. Since z 0 p z 0 is an outer normal to the curve p ∂ r 0 at p z 0 , by 2.19 we see that
International Journal of Mathematics and Mathematical Sciences
Hence taking into account that
2.35
we deduce that
for all β ∈ 0, β 1 n, α, γ . In this way we arrive at a contradiction with 2.17 so p ≺ h β . If p z 0 0, then
and once again we contradict 2.17 .
Special Cases
1 The case n 1, α 1 was proved in 5 .
2 The case γ 1 was proved in 6 . 
2.39
If p is analytic function in of the form 1.4 and
3 The case γ 1, α 1 was remarked 7 .
4 The case γ 1, α 1, n 1 was proved in detail in 8 .
Now we consider the problem 1.3 for k ≥ 2.
Theorem 2.8. Let k ≥ 2, n ∈ AE, α ≥ 0, γ ∈ 0, 1 and let 
2.44
Proof. 1 We repeat argumentation from Parts 1 and 2 of the proof of Theorem 2.6. 2 We have
2.45
Since x > 0 and 1 − k − 1 β ≥ 0, we can take
2.46
Hence
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Thus, from 2.46 and by the fact that m ≥ n we obtain
where
We have
3 Assume now that k − 1 β < 1. Observe that the function a attains its minimum at the point
Moreover
2.52
Hence, and from 2.48 , we have
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On the other hand, using the fact that 0 ≤ k − 1 βπ/2 < π/2, from 2.47 we obtain
2.54
Finally, the above and 2.53 yield
Thus we arrive at a contradiction with 2.17 so p ≺ h β . 4 For k − 1 β 1 we have c k n, α, γ, β β. This ends the proof of the theorem for the case x > 0. 5 When 2.21 holds, we see that x < 0 in 2.25 . Next we finish the proof by similar argumentations like in the above.
6 Since β ≤ 1/ k − 1 < 1, arguing as in Part 5 a of the proof of Theorem 2.6 we see that the case 2.22 does not hold.
Special Cases
Then c k n, α, γ, β β.
Corollary 2.9. Let k ≥ 2, n ∈ AE, α ≥ 0 and γ ∈ 0, 1 . If p ∈ H k n, α, γ and
Corollary 2.10. Let n ∈ AE, α ≥ 0 and γ ∈ 0, 1 . If p ∈ H 2 n, α, γ and 
